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Similarly to the system Hamiltonian, a subsystem’s reduced density matrix is composed of blocks
characterized by symmetry quantum numbers (charge sectors). We present a geometric approach for
extracting the contribution of individual charge sectors to the subsystem’s entanglement measures
within the replica trick method, via threading appropriate conjugate Aharonov-Bohm fluxes through
a multi-sheet Riemann surface. Specializing to the case of 1+1D conformal field theory, we obtain
general exact results for the entanglement entropies and spectrum, and apply them to a variety
of systems, ranging from free and interacting fermions to spin and parafermion chains, and verify
them numerically. We find that the total entanglement entropy, which scales as lnL, is composed
of
√
lnL contributions of individual subsystem charge sectors for interacting fermion chains, or
even O(L0) contributions when total spin conservation is also accounted for. We also explain how
measurements of the contribution to the entanglement from separate charge sectors can be performed
experimentally with existing techniques.
Introduction– One cannot overestimate the importance
of entanglement as a fundamental aspect of quantum
mechanics [1–3]. Its central measure, the entanglement
entropy (EE), has proven indispensable for characteriz-
ing quantum correlations and phase transitions in many-
body quantum systems in condensed matter and high en-
ergy physics [4–6]. Moreover, the performance of tensor-
network algorithms for many-body systems strongly de-
pends on the scaling properties of the EE with the sub-
system size [7–9].
The computation of the EE often involves the replica
trick, where one introduces n copies of the system. The
nth Re´nyi entropy (RE) is defined as sn = Trρ
n
A, where
ρA = TrBρ is the reduced density matrix of subsystem
A; the EE is then S = −TrρA ln ρA = − limn→1 ∂nsn.
Recently, this theoretical tool became an experimental
method which allowed, for the first time, to extract the
RE in a bosonic cold atomic system, by preparing a twin
of the many-body quantum ground state and using an
appropriate swap operation [10].
Following the general path-integral approach [5], in-
troducing time as a dimension, the computation of sn
acquires a geometrical meaning: in the same way that
the partition function of a 1D quantum system corre-
sponds to a path integral over a cylinder with circum-
ference given by the inverse temperature T , at T = 0
the calculation of sn corresponds to computing the par-
tition function on a Riemann surface geometry Rn. For
a 1D quantum system with A a segment of length L, the
Riemann geometry with n = 3 is depicted in Fig. 1(a).
A curious question that motivated this work is:
What is the physical meaning of inserting a space-time
Aharonov-Bohm flux α into this space, coupled, e.g., to
the particles charge? When a charged particle moves
from one copy to the next until it finally returns back to
the initial copy, it acquires a phase α. Thus, the total
acquired phase is given by αNA, where NA is the to-
tal charge (number of charged particles) in region A [see
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FIG. 1. (Color online) (a) An example of a 3-sheet Riemann
surface geometry with an inserted space-time Aharonov-
Bohm flux α. (b) A generic many body wavefunction is a
superposition of subsystem charge states.
Fig. 1(b)]. Hence, the computation of the path integral
in the presence of this flux gives the quantity
sn(α) = Tr
(
ρnAe
iαNˆA
)
. (1)
A related quantity (with different normalization) has re-
cently been computed for several specific models with
holographic duals [11–13] or nontrivial topology [14], but
its physical meaning has remained obscure. Here we not
only provide such a meaning, but also give general results
and particular examples for 1D critical systems described
by conformal field theory (CFT) [15], and provide recipes
for its experimental measurement using the setup of [10].
Main idea.— The theme of this work can be presented
via an elementary example of a single particle located in
either one of two sites, described by the wave function
|Ψ〉 = c1|10〉 + c0|01〉. The reduced density matrix for
the first site is ρA = |c1|2|1〉〈1|+ |c0|2|0〉〈0|, so the RE is
sn = Trρ
n
A = |c1|2n + |c0|2n. Is it possible to separately
extract each of these two terms, which are evidently as-
sociated with the region A charge sectors NA = 1 and 0,
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2respectively [16]? Clearly this cannot be achieved by sim-
ply performing a charge measurement in region A, which
would quench the entanglement.
More generally, let us assume that the density matrix
of the total system ρ commutes with a conserved quantity
Nˆ (e.g., the total system is in a pure eigenstate of Nˆ),
which is a sum of contributions of the two subsystems,
Nˆ = NˆA+NˆB (the nonabelian case will be discussed later
on). Tracing the equation [Nˆ , ρ] = 0 over the degrees
of freedom of subsystem B, we find that [NˆA, ρA] = 0,
i.e., that ρA is block-diagonal, with different blocks cor-
responding to different eigenspaces of NˆA (charge sec-
tors). Thus, the entropies are sums of contributions of
the different sectors, sn =
∑
NA
sn(NA). The individual
contributions sn(NA) were calculated numerically for a
particular model [17], but how could one resolve them an-
alytically in general? Here comes the connection with the
replica trick: the symmetry resolved entropies sn(NA)
are simply the Fourier transform of the partition func-
tion on the n-sheet Riemann surface with a generalized
Aharonov-Bohm flux:
sn(NA) =
∫ pi
−pi
dα
2pi
sn(α)e
−iαNA = Tr (ρnAPNA) , (2)
where PNA , the projector into the subspace of states of
region A with charge NA, is the Fourier transform of
eiαNˆA .
General CFT result.— Having defined the geome-
try Rn of an n-sheet Riemann surface pierced by an
Aharonov-Bohm flux α, we now consider critical 1D sys-
tems and obtain a general exact result for the nth RE,
which we will employ in various physical examples below.
The n-sheet Riemann geometry pierced by a flux may
be viewed as an extension of the theory into n copies φ→
φl (l = 1, ..., n), where the fields φl satisfy the boundary
condition φl(x, τ = 0
−) = φl+1(x, τ = 0+)eiαδl,j (x ∈ A),
and φl(x, τ = 0
−) = φl(x, τ = 0+) (x ∈ B). Here, we
have chosen to insert the Aharonov-Bohm phase in the
link between copies j and j + 1. We have also made the
assumption of a U(1) symmetry, which will be general-
ized below. As suggested in [18, 19], in the absence of
flux, one can define a local twist field T living at the
end points of region A, denoted w and w′ (w − w′ = L),
which generates the twisted boundary conditions with
α = 0. We incorporate the additional Aharonov-Bohm
phase into the boundary condition by “fusing” this twist
field T with the operator V generating a phase α for
particles moving around it in sheet j, resulting in the
composite twist field TV = VT . One may view TV(w)
as an additional field in the n-copy theory Cn, such that
any correlation function on the n-sheet Riemann surface
Rn with Aharonov-Bohm flux α is given by
〈O(z)〉Rn,α =
〈O(z)TV(w)TV(w′)〉Cn
〈TV(w)TV(w′)〉Cn . (3)
In order to fully characterize the properties of our com-
posite twist field TV , we follow Ref. [5] and uniformize
the n-sheet Riemann surface into a single plane with a
left over flux via a conformal transformation. Relegating
the derivation to the Supplemental Material [20], we find
that the composite twist field has scaling dimension
∆n(α) =
c(n− n−1)
24
+
∆V
n
. (4)
Here c is the central charge of the CFT, and ∆V is the
scaling dimension of the operator V generating the gener-
alized Aharonov-Bohm phase. This twist field correlator
then yields our general result for the RE [5],
sn(α) ∼ L− c6 (n−n−1)L−2
∆V+∆¯V
n , (5)
where ∆¯V is the scaling dimension of the anti-
holomorphic part of V.
U(1) charge.— In this section we exemplify our gen-
eral result Eq. (5) for a generic spinless fermionic chain
described by a c = 1 CFT which is equivalent to 1D mass-
less bosons [21]. Using the bosonization relation ψ ∼ eiφ,
one can implement the phase eiα accumulated upon tak-
ing a fermion around w or w′ in copy j, by inserting
the vertex operator V = ei α2piφj . For a system of in-
teracting fermions generically described by a Luttinger
liquid with parameter K, the scaling dimension becomes
∆V = ∆¯V = 12
(
α
2pi
)2
K, such that [22]
sn(α) = sn(α = 0)L
− 2Kn ( α2pi )
2
. (6)
Assuming ln(L) 1 (with appropriate dimensionless L,
e.g., lattice site number), the integral in Eq. (2) gives for
the symmetry resolved RE
sn(NA) ∼= sn(α = 0)
√
pin
2K lnL
e−
npi2∆N2A
2K lnL , (7)
with ∆NA = NA − 〈NA〉. For n = 1, s1(α) is the gener-
ating function of the charge distribution, and s1(NA) =
P (NA) is the probability of having NA particles in region
A, which has been calculated before [23]. Eq. (7) with
n = 1 implies that the variance in the number of particles
in a segment of length L is 〈∆N2A〉 = K lnLpi2 [24].
The charge-resolved EE can now be calculated from
S(NA) = −∂nsn(NA)|n→1, giving
S(NA) = 1
3
√
pi lnL
2K
e−
pi2∆N2A
2K lnL −O
(
1√
lnL
)
. (8)
We can see that the decomposition of the total entan-
glement S(L) = c3 lnL into charge contributions is con-
trolled by P (NA), the Gaussian distribution of charge in
region A. The maximal contribution S(〈NA〉) scales as√
lnL, which is plausible given the
√
lnL scaling of the
standard deviations of charge fluctuations. Eq. (8) was
recently conjectured based on numerical data [17].
We checked our CFT predictions via numerical sim-
ulations for noninteracting (K = 1) fermions on a lat-
3FIG. 2. (Color online) Charge distribution P (NA) and charge-
sector contributions to entanglement entropy S(NA) in a sub-
system of L = 10000 sites of an infinite half-filled tight-
binding chain, computed numerically (dots) and analytically
(continuous lines).
tice. In general one may define the entanglement Hamil-
tonian HA by ρA = e
−HA . For a noninteracting system
HA is quadratic in the fermionic operators. Denoting
its single-particle eigenvalues by εl, the expressions for
the entropies are similar to the thermal entropies of free
fermions with unit temperature and Hamiltonian HA,
sn(α) =
∏
l
[
eiα(fl)
n + (1− fl)n
]
(9)
where fl = 1/(e
εl +1) can be easily obtained numerically
as the eigenvalues of the equal-time two-point fermionic
correlations matrix, Cij = 〈c†i cj〉 (i, j = 1 · · ·L) [25].
Choosing a subsystem of L = 10000 sites of an in-
finite half-filled tight-binding chain (for which Cij =
sin[pi(i−j)/2]/[pi(i−j)]) we computed the distribution of
occupancies P (NA) = s1(NA), and the particle-number
resolved entanglement S(NA). Fig. 2 shows the numeri-
cal results as dots and our analytical formula with K = 1
without any fitting parameter (but including O((lnL)0)
corrections [23, 26]) as continuous lines. As also seen in
Fig. 2, even for a large subsystem of L = 10000, lnL
is moderately large and the distribution is quite narrow.
Thus, in practice it is inaccurate to keep only the leading
contribution in
√
lnL in Eq. (8) and instead one has to
evaluate Eq. (2) with Eq. (6).
The analytic dependence of Eq. (6) on n can be used
to extract further information including the full entan-
glement spectrum of each charge block of the density
matrix, {λi(NA)} (so that sn(NA) =
∑
i[λi(NA)]
n). Let
us first consider the maximal eigenvalue, λmax(NA) =
limn→∞[sn(NA)]1/n. Using Eq. (6) we find
− lnλmax(NA) = 1
6
lnL+
pi2
2K lnL
∆N2A. (10)
FIG. 3. (Color online) Integrated density of the entanglement
spectrum n(λ,NA) for the same system in Fig. 2 computed
numerically (discontinuous lines) and analytically (continu-
ous lines) for various particle numbers NA. Numerically we
used the 24 closest-to-zero single particle eigenvalues of the
entanglement Hamiltonian to build the highest many-body
eigenvalues of ρA.
While the first term was derived by Calabrese and
Lefevre [27] we here obtain the dependence on the par-
ticle number NA [28]. Let us recall that − lnλi are the
many-body eigenvalues of the entanglement Hamiltonian
HA. For non-interacting fermions, the low-lying single-
particle eigenstates of HA have been calculated analyt-
ically [29], εl = ± pi22 lnL (2l − 1), l = 1, 2, 3.... Filling up
the negative energy states (∆NA=0) and then adding
∆NA particles gives
pi2
2 lnL
∑∆NA
l=1 (2l− 1) = pi
2
2 lnL∆N
2
A, in
exact agreement with our general result Eq. (10). Our
field-theory approach generalizes these results to the in-
teracting case, K 6= 1, confirming a previous conjecture
based on numerics [17].
Turning to the full entanglement spectrum, let
us denote its density for a given charge sector by
P (λ,NA). Defining the integrated density, n(λ,NA) =∫ λmax(NA)
λ
dλ′P (λ′, NA), and using the methods of Cal-
abrese and Lefevre [27], we find (see the Supplemental
Material for details [20])
n(λ,NA) =
∫ pi
0
dα
pi
cos(αNA)I0
(
2
√
r(α) ln
1
λmax
ln
λmax
λ
)
,
(11)
where λmax ≡ λmax(∆NA = 0), r(α) = 1−3Kα2/pi2, and
I0(z) is a modified Bessel function [30]. The same quan-
tity can be calculated numerically for the noninteracting
(K = 1) tight-binding chain, and the results nicely agree
with the CFT prediction, as can be seen in Fig. 3.
SU(2) symmetry.— The possibility to decompose en-
tanglement measures into charge sectors via the insertion
of an Aharonov-Bohm flux in the Riemann geometry ap-
plies to general symmetries. Now we will demonstrate
4this for a nonabelian symmetry, and consider SU(2) spin
chains as a case study. Our basic goal is now to break
the entropy of an SU(2) symmetric system into contribu-
tions with a fixed total spin ~S2A as well as total projection
SzA in region A. In order to compute TrSAρ
n
A for a fixed
spin SA of region A, ~S
2
A = SA(SA + 1), one can use an
identity valid for any spin-rotation-symmetric operator
such as ρnA [31],
TrSA,SzAρ
n
A = TrSzA=SAρ
n
A − TrSzA=SA+1ρnA. (12)
The right hand side involves the quantity sn(S
z
A) ≡
TrSzAρ
n
A, which is a sum over states with fixed S
z
A in
region A. The latter can be computed along the same
methods developed for the U(1) case above.
We will now calculate sn(S
z
A) for critical spin chains.
A family of critical SU(2) symmetric theories are the
SU(2)k Wess-Zumino-Witten (WZW) models [32]. For
k = 1 they describe the familiar spin-1/2 Heisenberg
chain, while for other integer k they correspond to cer-
tain critical spin-k/2 chains [32]. Let us first recall
that in the U(1) case, the operator eiαNˆA appearing in
Eq. (1) can be written as ei
α
2pi
∫
A
dx∂xφ, which indeed
becomes a product of the vertex operators mentioned
above, V(w)V†(w′) = ei α2piφ(w)e−i α2piφ(w′) (here we write
only holomorphic factors). Similarly, in a spin chain
we have the operator eiαSˆ
z
A = eiα
∫
A
dxJz , with ~J(z) the
WZW spin current. The corresponding vertex operators
have the scaling dimensions
∆
(k)
V = ∆¯
(k)
V =
k
4
( α
2pi
)2
, k ∈ N. (13)
As a check, for k = 1 we have the Heisenberg chain, which
is equivalent (via the Jordan-Wigner transformation) to
interacting spinless fermions with K = 1/2 [21], in agree-
ment with our previous U(1) results. Using Eqs. (2) and
(12) we obtain (for lnL 1)
S(SA, SzA) = (2SA + 1)
cpi5/2
3k3/2
√
lnL
e−
pi2S2A
k lnL , (14)
where c = 3kk+2 is the central charge of the WZW model.
This equation displays a further reduction of the scaling
of the entropy; since the typical value of SA scales as√
lnL, S(SA, SzA) scales as O(L0).
Discrete symmetries.— To demonstrate the method
for discrete symmetries, consider a ZN charge Q mod N
with Q = QA+QB . The system under consideration can
be the clock model, or a chain of parafermions [33, 34].
For a ZN symmetric state we can decompose the en-
tropies according to the subsystem charge, sn(QA) =
1
N
∑N−1
α=0 e
−i 2piαN QAsn(α), where sn(α) = TrρAei
2piα
N QA
(α,QA = 0, 1, ..., N − 1). Does sn(QA) actually depend
on QA and how?
As a transparent example, consider N = 2, and specif-
ically the quantum Ising chain H = −J∑i σzi σzi+1 −
h
∑
i σ
x
i , which is equivalent to a chain of Majorana
fermions via the Jordan-Wigner transformation [35].
Here the components of the total spin (fermion num-
ber) are not conserved, but the parity (−1)Q = ∏i σxi
of the number of spins in the +x direction (fermion
number parity) is, so entanglement can be decomposed
into the two sectors of even/odd QA. Using the dual-
ity transformation to disorder fields which are new Pauli
operators µzi =
∏
j≤i σ
x
i , µ
x
i = σ
z
i σ
z
i+1 (in terms of
which the Hamiltonian attains the same form but with
J ↔ h), we express the desired counting operator as
(−1)QA = ∏j∈A σxj = µz1µzL, where region A extends
from site 1 to L. Moving to the critical state at J = h,
described by a c = 1/2 Ising CFT, the disorder operator
µ has scaling dimension ∆µ = ∆¯µ =
1
16 . Plugging this
into the above results (with V = µ) we get
sn(QA) = L
−(n−1/n)/12 1
2
(1 + L−1/(4n)(−1)QA), (15)
a result we have verified numerically. Setting n = 1
one obtains P (QA), the probability of finding a given
parity in region A. As expected, the dependence on
QA disappears at L → ∞. One can readily gener-
alize the calculation to ZN models such as the clock
model or parafermions, using the parafermion CFT [33]
where the central charge is c = 2(N−1)N+2 and the scal-
ing dimension of the generalized disorder operators is
∆µα = ∆¯µα =
α(N−α)
2N(N+2) , (α = 0, ..., N − 1).
Experimental measurement.— While so far we treated
the replica construction as a purely theoretically trick,
in a remarkable recent experiment [10] it has been ap-
plied in the lab, demonstrating for the first time the pos-
sibility to perform a measurement of entanglement in a
many-body system, specifically the second RE. Following
a theoretical prediction [36], their protocol for measuring
s2 consists of (i) preparing 2 copies using optical lattice
techniques, (ii) performing a transformation between the
copies using a Hong-Ou-Mandel interference, and (iii) a
parity measurement of the charge in region A in a spe-
cific copy. One can then easily modify the last stage by
measuring the charge of region A in both copies and cal-
culating the average NA (since only integer values of this
average contribute [36, 37]). The average parity of one
copy for given NA would yield s2(NA). One may also
multiply the parity by eiαNA and average over all NA to
experimentally obtain the “flux RE” s2(α). The exten-
sion to n > 2 is similar. Let us note that a recent work
brought up another route for the experimental measure-
ment of the RE without using replicas, which actually
gives access to the charge-resolved entropies as well [38].
Future outlook.— Many interesting questions arise
from our results, including: the scaling of the charge-
resolved entanglement in higher dimensions or in the
presence of boundary critical phenomena [39–41], its be-
havior in topological systems, and other entanglement
measures such as the negativity [37, 42] and the relative
entropy [43].
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6SUPPLEMENTAL MATERIAL FOR
“SYMMETRY-RESOLVED ENTANGLEMENT IN
MANY-BODY SYSTEMS”
In this Supplemental Material we present some tech-
nical details which were omitted in the main text. In
Sec. S.A we derive the scaling dimension of the twist field
TV , Eq. (4) of the main text. In Sec. S.B we calculate the
density of entanglement eigenvalues resolved by charge,
Eq. (11) of the main text.
S.A. SCALING DIMENSION OF THE TWIST
FIELD TV
In this section we apply the methods of Ref. [5] in
order to extract the scaling dimension of our composite
twist field TV = VT [Eq. (4) of the main text], where
V generates the Aharonov-Bohm flux and T generates
the Riemann geometry. Using the relation, Eq. (3), for
correlation functions on Rn, we consider the case where
O(z) is the total stress-energy tensor T (z) = ∑nl=1 Tl(z).
Its expectation value in Rn with flux α can be evaluated
using the uniformizing mapping ξ(z) =
(
z−w
z−w′
)1/n
from
Rn to the complex plane C with flux α,
〈T (z)〉Rn =
∑
l
(
dξ
dz
)2
〈Tl〉C,α + cn
12
{ξ, z}, (S1)
where the Schwarzian derivative {ξ, z} is given by
c
12
{ξ, z} = c(1− n
−2)
24
(w′ − w)2
(z − w)2(z − w′)2 . (S2)
The conformal transformation z → ξ(z) takes (w,w′),
the end points of region A, to (0,∞), and subsequently
takes an nth root. Hence it converts a closed orbit in
Rn circling w n times into a single-winding orbit around
ξ(w) = 0. The first term in the transformation Eq. (S1)
contains 〈Tl〉C,α, the expectation value of stress-energy
tensor in the new coordinates on the single plane. In
the absence of the Aharonov-Bohm flux it vanishes [5].
However, this coordinate transformation does not remove
the flux which now pierces the plane at ξ(w) = 0 and
ξ(w′) = ∞ in opposite directions. Thus, winding a par-
ticle around the origin or infinity still leads a phase, and
〈Tl〉C,α = 〈TlV(ξ(w))V(ξ(w
′))〉C
〈V(ξ(w))V(ξ(w′))〉C . (S3)
As in Eq. (S1), the denominator ensures that the ex-
pectation value of the identity operator gives unity; The
transformation factors (dw/dz) of the scaling field V can-
cel between the numerator and denominator. Assuming
that V is a primary field of (holomorphic) dimension ∆V ,
we have
〈Tl〉C,α = ∆V (ξ(w)− ξ(w
′))2
(ξ(z)− ξ(w))2(ξ(z)− ξ(w′))2 →
∆V
ξ(z)2
.
(S4)
In the last relation we took the limit ξ(w)→ 0, ξ(w′)→
∞. Putting everything together, we see that the com-
posite twist field behaves as a primary field with scaling
dimension ∆n(α),
〈T (z)TV(w)TV(w′)〉Cn
〈TV(w)TV(w′)〉Cn = ∆n(α)
(w − w′)2
(z − w)2(z − w′)2 ,
(S5)
with ∆n(α) =
c(n−n−1)
24 +
∆V
n , hence proving Eq. (4). We
note in passing that the 1/n factor in the last term re-
sembles the scaling of corrections to the entropies [45],
and that similar techniques may be employed for calcu-
lating entanglement in excited states created by primary
operators [46].
S.B. THE CHARGE-RESOLVED
ENTANGLEMENT EIGENVALUE DENSITY
Starting from Eq. (5) of the main text, we will now
derive the integrated entanglement eigenvalue density,
Eq. (11) of the main text, generalizing the approach
of Ref. [27] to the charge resolved case. Let us de-
fine P (λ, α) =
∑
NA
P (λ,NA)e
iαNA . Then λP (λ, α) =
Imf(λ− i0+, α), where
f(z, α) =
1
pi
∞∑
n=1
sn(α)z
−n =
1
pi
∫
dλ
λP (λ, α)
z − λ . (S6)
By Eq. (5), sn(α) = cn(α)e
−b[n−r(α)/n] (for c = 1), with
b = − lnλmax = 16 lnL, and r(α) = 1 − 3α2K/pi2. As-
suming that cn(α) is close to unity (in practice, only the
exact behavior of P (λ,NA) very close to λmax(NA) is
sensitive to it) we have
f(z, α) =
1
pi
∞∑
k=0
(br(α))k
k!
∞∑
n=1
1
nk
(
λmax
z
)n
=
1
pi
∞∑
k=0
(br(α))k
k!
Lik(λmax/z), (S7)
where Lik(y) is the polylogarithm function, which obeys
Im[Lik(y + i0
+)] = piθ(y − 1)(ln y)k−1/Γ(k) for k ≥ 1,
with θ(x) and Γ(x) the step and Gamma functions, re-
spectively [30]. Integrating over λ and summing over k
we find
n(λ, α) ≡
∫ λmax(NA)
λ
dλ′P (λ′, α) = I0
(
2
√
br(α) ln
λmax
λ
)
,
(S8)
with I0(z) the modified Bessel function, from which
Eq. (11) immediately follows.
